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Abstract. Biomolecular motors are tiny engines that transport material at the microscopic level
within biological cells. Since biomolecular motors typically transport cargo that are much larger than
themselves, one would expect the speed of such a motor to be severely limited by the small diffusion
coefficient of its enormous cargo. It has been suggested by Berg and Kahn [Mobility and Recognition
in Cell Biology, H. Sund and C. Veeger, eds., De Gruyter, Berlin, 1983] and Meister, Caplan, and
Berg [Biophys. J., 55 (1989), pp. 905–914] that this limitation can be overcome if the tether that
connects the motor to its cargo is sufficiently elastic. In a recent article the effects of the elastic
properties of the tether on the speed of the motor were investigated when the driving mechanism
was a Brownian ratchet [SIAM J. Appl. Math., 60 (2000), pp. 842–867]. Here we extend that work to
include the correlation ratchet [C. Peskin, G. Ermentrout, and G. Oster, in Mechanics and Cellular
Engineering, V. Mow et al., eds., Springer, New York, 1994; Phys. Rev. Lett., 72 (1994), pp. 2652–
2655; Phys. Rev. Lett., 72 (1994), pp. 1766–1769]. In contrast to the Brownian ratchet, it is shown
that in the limit of a large motor diffusion coefficient the average velocity increases monotonically as
the stiffness of the tether is increased. However, Monte-Carlo simulations reveal that for any finite
diffusion coefficient of the motor there is an optimal stiffness at which the motor travels fastest.
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diffusion equation

AMS subject classification. 92C05

PII. S0036139999353942

1. Introduction. The bacterial flagellar motor (BFM) is a rotary engine used
by certain bacteria (e.g., E. coli) for motility. The motor runs off a proton gradient
maintained across the cell’s inner membrane and consists of 8–16 small torque gen-
erating elements (stators) that interact with a ring-like structure (the rotor) that in
turn spins a large flagellum. It has been suggested by Berg and Kahn [1] and Meister,
Caplan, and Berg [2] that the rotation rate of the flagellum can be increased if the
linkage connecting the stators to the cell membrane is elastic. In a recent article, two
of us (Elston and Peskin) presented an initial investigation into this issue of protein
flexibility [3]. In this study the driving mechanism of the motor was a “Brownian”
ratchet. It was shown that the motor’s speed did indeed increase as the linkage was
“softened” and that the benefit obtained in this way depended on two dimensionless
quantities: the ratio of the diffusion coefficient of the motor to the diffusion coefficient
of the cargo and the ratio of the free energy step at each ratchet site to kBT . However,
these conclusions are inconsistent with the behavior shown by the Elston–Oster model
of the BFM [7]. In their model the mean velocity decreased as the connecting linkage
was softened.

The Elston–Oster model is based on a “correlation” ratchet mechanism [4, 5, 6].
As protons are conducted across the membrane they associate and disassociate with
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the charged side chains of the channel forming proteins. In doing so, the protons
alter the electrostatic potential felt by the rotor and stators. This alternating or
“flashing” potential in conjunction with an asymmetric charge distribution on the
rotor is sufficient to turn the flagellum [7]. In this article we extend the work of Elston
and Peskin to include the correlation ratchet. We show that if the motor’s diffusion
coefficient is large enough, then the mean speed of the motor decreases as the linkage
is softened, contrary to the behavior of a Brownian ratchet but similar to that of the
Elston–Oster model of the BFM. However, we also show by numerical simulation that
when the diffusion coefficient of the motor is finite there is an optimal stiffness that
maximizes the motor’s speed.

The rest of this article is organized as follows. In section 2, we begin with a
description of the problem under consideration. In section 3, the behavior of the motor-
cargo system is investigated in three different limiting cases. The different regimes
considered are the large motor diffusion coefficient and the stiff and soft spring limits.
In section 4 results from a numerical study of the problem are presented. These results
serve not only to verify the analysis presented in the previous section, but also reveal
new behavior of the system that is not captured by the limiting cases we have been
able to analyze. We end with some concluding remarks in section 5.

2. Description of the problem. Figure 2.1 illustrates a small motor pulling
a large cargo. The motor is characterized by its diffusion coefficient D1 and is con-
strained to move on a one-dimensional (1-D) track positioned along the x direction.
Let the position of the motor be denoted by x1. The cargo is characterized by its
diffusion coefficient D2 and in general is free to move in three dimensions. However,
throughout this article we assume that the linkage connecting the motor and cargo is
a linear spring. This has the effect of uncoupling the y and z degrees of freedom and
allows the cargo’s position to be described with one spatial coordinate x2. The full
potential for this problem is

U(x1, x2, t) = φ(x1, t) +
1

2
κ(x1 − x2)

2,(2.1)

where κ is the spring constant of the tether connecting the motor and cargo and
φ(x1, t) is the time-dependent ratchet potential that governs the interactions between
the motor and track.

As mentioned in the introduction, the motor is driven by a correlation ratchet.
That is, φ(x1, t) can exist in one of two configurations φ±(x1), and transitions between
these two states occur randomly in time. In the analysis presented below the only
assumption made about φ±(x1) is that each of them is a periodic function of x1, with
the same period L. This assumption is generally valid for molecular motors, since the
tracks on which they move are made from polymers. The repeat interval of the track
is typically several nanometers long, similar to characteristic lengths of the motor. If
one of the two configurations is spatially asymmetric (i.e., a ratchet potential), then
the motor will move with finite average velocity. A simple example that illustrates the
correlation ratchet is shown in Figure 2.1. To produce this and all subsequent figures,
the following two potentials were used:

φ+(x1) =
A

2π

(
sin

(
2π

L
x1

)
− 1

2
sin

(
4π

L
x1

)
+

1

3
sin

(
6π

L
x1

))
(2.2)

φ−(x1) = 0.(2.3)

To understand how this mechanism works note that while in the +-state the motor
spends most of its time near the local minima of that potential, and while in the
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Cargo
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γ

Fig. 2.1. A small motor pulling a large cargo. The motor is driven by a correlation ratchet.

−-state the motor is free to diffuse. The two dashed vertical lines in the figure indicate
the position of adjacent maxima. Due to the anisotropy of the +-potential, when a
transition out of the +-state occurs the motor is more likely to be located closer to
the left vertical line than the right. Therefore, the motor has a greater probability
of crossing this boundary. If the motor does cross this boundary and the potential
switches back to the +-state, the motor will move toward the next potential minima
to the left. In this way the motor moves with a net drift to the left.

Let ρ±(x1, x2, t)dx1dx2 denote the probability of finding the motor between x1

and x1 + dx1, the cargo between x2 and x2 + dx2, and the potential to be in the
±-state at time t. In the overdamped limit, the Fokker–Planck equation that governs
ρ± is

∂ρ±(x1, x2, t)

∂t
+
∂J1±(x1, x2, t)

∂x1
+
∂J2±(x1, x2, t)

∂x2

= −γ(ρ±(x1, x2, t)− ρ∓(x1, x2, t)),(2.4)

where γ is the average switching rate and

J1± = −D1

(
∂ρ±
∂x1

+
ρ±
kBT

(
dφ±(x1)

dx
+ κ(x1 − x2)

))
,(2.5)

J2± = −D2

(
∂ρ±
∂x1

+
ρ±
kBT

κ(x2 − x1)

)
(2.6)

are the fluxes for the motor and cargo, respectively. In (2.4) it has been assumed that
the intervals between switching times from one state to the other are exponentially
distributed. This type of behavior is appropriate if the transitions arise from the
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association and dissociation of protons or from the binding and release of ATP. The
two transition rates have been taken to be equal. This need not be the case, but
we do not expect that the use of different rates would have any qualitative effect on
the conclusions of this paper. Equation (2.4) must be solved subject to appropriate
boundary and initial conditions. Since the motor and cargo are linked together, they
move with the same mean velocity. In the remainder of this article we investigate how
this velocity depends on the properties of the connecting spring.

3. Limiting behavior.

3.1. The limit D1 → ∞. Following the analysis presented in [3], we first
consider the limit in which the diffusion of the motor is a “fast” process. That is, D1

is large enough to ensure that the motor comes to equilibrium in the potential arising
from interactions with the track and cargo before the cargo can move appreciably or
the track potential changes state. Letting D1 → ∞ in (2.5) yields(

∂ρ±
∂x1

+
ρ±
kBT

(
dφ±(x1)

dx1
+ κ(x1 − x2)

))
= 0(3.1)

from which it follows that

ρ±(x1, x2, t) = ρ
(0)
± (x2, t)

exp
(

−U±(x1,x2)
kBT

)
∫∞
−∞ exp

(−U±(x′
1,x2)

kBT

)
dx′1

,(3.2)

where

U±(x1, x2) = φ±(x1) +
1

2
κ(x1 − x2)

2(3.3)

and ρ
(0)
± (x2, t) is an undetermined function. Using (3.2) in (2.4) and (2.6), it is straight-

forward to verify that ρ
(0)
± (x2, t) satisfies the equation

∂ρ
(0)
± (x2)

∂t
+
∂J

(0)
± (x2)

∂x2
− γ(ρ(0)± (x2)− ρ(0)∓ (x2)) = 0,(3.4)

where

J
(0)
± (x2) = D2

(
∂ρ

(0)
±

∂x2
+
ρ
(0)
± (x2)

kBT

dφ
(0)
± (x2)

dx2

)
.(3.5)

In the above equation, φ
(0)
± (x2) represents an “effective potential” or “free energy”

felt by the cargo [3] and has the form

φ
(0)
± (x2) = −kBT ln

∫ ∞

−∞
exp

(
−U±(x1, x2)

kBT

)
dx1

= −kBT ln

∫ ∞

−∞
exp

(
−φ±(x1)

kBT

)
exp

(
−

1
2κ(x1 − x2)

2

kBT

)
dx1.(3.6)

Thus, in the limit of large D1 the fast degree of freedom associated with the motor
can be averaged over, reducing the problem to one of a single spatial dimension.
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Let w±(x1) be defined by

w±(x1) = exp

(
−φ±(x1)

kBT

)
.(3.7)

Since w± is periodic in x1, it makes sense to write it in terms of a Fourier series as

was done in [3]. In this case, φ
(0)
± takes the form

φ
(0)
± (x2) = −kBT ln

∞∑
n=−∞

ŵ±n exp

(
2πin

x2

L
− 2kBT

κ

π2

L2
n2

)
,(3.8)

where

ŵ±n =
1

L

∫ L

0

w±(x) exp
(
−2πi

nx

L

)
dx.(3.9)

Equation (3.8) can be used to compute the effective potential for any choice of spring

constant κ. It has the added advantage of allowing the limiting behavior of φ
(0)
± to be

read off by inspection. The results are

lim
κ→∞φ

(0)
± (x2) = −kBT ln

∞∑
n=−∞

ŵ±n exp
(
2πin

x2

L

)
= −kBT lnw±(x2)

= φ±(x2)(3.10)

and

lim
κ→0

φ(0)(x2) = −kBT ln ŵ0

= constant.(3.11)

In the stiff-spring limit the cargo feels the same potential as the motor, but in the soft-
spring limit the shape of the potential is lost and the cargo only undergoes diffusion.
Thus, in the limit of large D1, the velocity of the motor-cargo system goes to zero as
the spring is softened. This is to be contrasted with soft-spring limit of the Brownian
ratchet in which case the velocity approached a maximum [3].

Using (3.4) and (3.5), an asymptotic expression for the average velocity when
D1 = ∞ can be constructed in the limit γ → 0 [4, 8]. The result is

v =
γL

2

∫ L

0

dx (b+(x)− b−(x))
∫ x

0

dx′ (c+(x′)− c−(x′)) ,(3.12)

where

c±(x) =
exp

(
−φ

(0)
± (x)

kBT

)
∫ L

0
dx′ exp

(
−φ

(0)
± (x′)
kBT

) ,(3.13)

b±(x) =
exp

(
φ

(0)
± (x)

kBT

)
∫ L

0
dx′ exp

(
φ

(0)
± (x′)
kBT

) .(3.14)
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Fig. 3.1. The mean velocity in units of (γL) as a function of log10(κ) for large D1 and small
γ. In this figure A = 1kBT, and the solid line represents the limiting 1-D case.

Note that (3.12) is independent not only of D1 but also of the diffusion coefficient
D2 of the cargo. This is a result of the assumption that γ is slow enough to allow the

cargo to come to equilibrium in the effective potential φ
(0)
± before a transition occurs.

That is, (3.12) is valid when the condition γ−1 << L2

D2
<< L2

D1
is satisfied. In Figure

3.1, (3.12) has been used to generate a plot of the velocity versus the logarithm of
the spring constant. The mean velocity starts at zero and monotonically approaches
the limiting velocity of a single particle propelled by a correlation ratchet with the
potentials φ± as κ increases. (In the limit under consideration here, the diffusion
coefficient of that particle is irrelevant.)

Although (3.12) was derived here by first taking the limit D1 → ∞ and then
considering small γ (or equivalently, large D2), we expect that the same result would
be obtained by holding γ fixed while simultaneously letting D1 and D2 approach ∞.
That is, (3.12) holds when both the motor and cargo have enough time after each
change of state to equilibrate with the ambient potential before the next change of
state occurs.

3.2. The limit κ → ∞. In the analysis presented above it was assumed that
the diffusion coefficient of the motor was large enough to ensure that the motor came
to thermal equilibrium before the potential switched states or the cargo could move
appreciably. In this section we allow the diffusion coefficient of the motor to remain
finite and investigate the limit κ→ ∞.

A natural choice of dimensionless variables for this problem is [3]

x =
x1

L
,(3.15)
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y =

√
κ

kBT
(x2 − x1),(3.16)

s =
D1

L2
t.(3.17)

Noting that

∂(x, y)

∂(x1, x2)
=

1

L

√
κ

kBT
,(3.18)

let σ±(x, y) be defined by

ρ±(x1)dx1dx2 = σ±(x, y)dxdy

= σ±

(
x1

L
,

√
κ

kBT
(x2 − x1)

)(
1

L

√
κ

kBT

)
dx1dx2.(3.19)

In terms of the dimensionless variables, the equation satisfied by σ± is

∂σ±
∂s

=
∂

∂x

[
∂

∂x
σ± + σ±

dφ′

∂x

]
− γ′σ± + γ′σ∓

−β
[
∂

∂x

(
∂σ±
∂y

+ yσ±

)
+
∂

∂y

(
∂σ±
∂x

+ σ±
dφ′

dx

)]

+β2(1 + ε)
∂

∂y

[
∂σ±
∂y

+ yσ±

]
.(3.20)

The dimensionless parameters appearing in the above equation are defined as follows:

β = L

√
κ

kBT
, ε =

D2

D1
,(3.21)

φ′ =
φ

kBT
, γ′ =

L2

D1
γ.(3.22)

To investigate the κ→ ∞ limit (β → ∞), rewrite (3.20) in the form

(1 + ε)
∂

∂y

[
∂σ±
∂y

+ yσ±

]
=

1

β

[
∂

∂x

(
∂σ±
∂y

+ yσ±

)
+
∂

∂y

(
∂σ±
∂x

+ σ±
dφ′±
dx

)]

+
1

β2

[
∂σ±
∂s

− ∂

∂x

[
∂

∂x
σ± + σ±

dφ′±
∂x

]
− γ′σ± + γ′σ∓

]
.(3.23)

A power series expansion in terms of 1
β for σ± is

σ± = σ
(0)
± +

1

β
σ

(1)
± +

1

β2
σ

(2)
± + . . . .(3.24)

The first three terms in the above expansion satisfy the following equations:

(1 + ε)
∂

∂y

[
∂σ

(0)
±
∂y

+ yσ
(0)
±

]
= 0,(3.25)

(1 + ε)
∂

∂y

[
∂σ

(1)
±
∂y

+ yσ
(1)
±

]
=
∂

∂x

(
∂σ

(0)
±
∂y

+ yσ
(0)
±

)
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+
∂

∂y

(
∂σ

(0)
±
∂x

+ σ
(0)
±
dφ′±
dx

)
,(3.26)

(1 + ε)
∂

∂y

[
∂σ

(2)
±
∂y

+ yσ
(2)
±

]
=
∂

∂x

(
∂σ

(1)
±
∂y

+ yσ
(1)
±

)

+
∂

∂y

(
∂σ

(1)
±
∂x

+ σ
(1)
±
dφ′±
dx

)

+
∂σ

(0)
±
∂s

− ∂

∂x

(
∂σ

(0)
±
∂x

+ σ
(0)
±
dφ′±
dx

)

−γ′(σ(0)
± − σ(0)

∓ ).(3.27)

To make further progress, it is convenient to introduce the eigenfunctions Rn(y) de-
fined by the equation [8]

∂

∂y

(
∂

∂y
+ y

)
Rn(y) = −nRn(y).(3.28)

The Rn(y) can be written in the form

Rn(y) = Hn(y)
e− y2

2√
2π
,(3.29)

where the Hermite polynomials Hn(y) are defined by

Hn(y) = (−1)ne
y2

2
dn

dyn
e

−y2

2 .(3.30)

The following analysis makes use of the two identities:

yRn = Rn+1 + nRn−1,(3.31)

dRn

dy
= −Rn+1.(3.32)

Equations (3.25)–(3.27) can now be used to construct an equation that governs the

dynamics of the motor-cargo system in the stiff-spring limit. Solving (3.25) for σ
(0)
±

yields

σ
(0)
± (x, y, s) = f

(0)
± (x, s)R0(y),(3.33)

where f
(0)
± (x, s) is an undetermined function of the dimensionless variables x and s.

To get a condition on f
(0)
± , use is made of the higher-order terms in the expansion

of σ±. Substituting (3.33) into (3.26) and making use of (3.31) and (3.32) allows the
1
β -equation to be written as

∂

∂y

[
∂σ

(1)
±
∂y

+ yσ
(1)
±

]
= − 1

(1 + ε)

(
∂f

(0)
±
∂x

+ f
(0)
±
dφ′±
dx

)
R1.(3.34)

Equation (3.34) together with (3.28) imply that σ
(1)
± has the form

σ
(1)
± =

1

(1 + ε)

(
∂f (0)

∂x
+ f

(0)
±
dφ′±
dx

)
R1 + f

(1)
± R(0),(3.35)
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where f
(1)
± is an undetermined function of x and s. Substituting (3.33) and (3.35) into

(3.27) and again making use of (3.31) and (3.32) produces the result

(1 + ε)
∂

∂y

[
∂σ

(2)
±
∂y

+ yσ
(2)
±

]
=

{
1

(1 + ε)

(
∂f (0)

∂x
+ f

(0)
±
dφ′±
dx

)

+
∂f

(0)
±
∂s

− ∂

∂x

(
∂f

(0)
±
∂x

+ f
(0)
±
dφ′±
dx

)
− γ′(f (0)

± − f (0)
∓ )

}
R0

+ terms involving R1 and R2.(3.36)

Since R0 has a zero eigenvalue, the coefficient multiplying it in the above equation

must vanish. This means f
(0)
± satisfies the equation

∂f
(0)
±
∂s

− ε

1 + ε

∂

∂x

(
∂f

(0)
±
∂x

+ f
(0)
±
dφ′±
dx

)
− γ′(f (0)

± − f (0)
∓ ) = 0.(3.37)

If we now convert back to the unscaled variables, the equation governing f
(0)
± becomes

∂f
(0)
±
∂t

− D1D2

D1 +D2

∂

∂x1

(
∂f

(0)
±
∂x1

+
f

(0)
±
kBT

dφ±
dx1

)
− γ(f (0)

± − f (0)
∓ ) = 0.(3.38)

This is the equation of a 1-D correlation ratchet. Thus, in the limit κ → ∞, the
dynamics of the system reduces to that of a single particle with an effective diffusion
coefficient Deff = D1D1

D1+D2
.

3.3. The limit κ → 0. Next consider the opposite limit κ → 0 (β → 0). To
study this case introduce the scaling z = βy [3] and let τ±(x, z) be defined by

σ±(x, y)dxdy = τ±(x, βy)dxβdy.(3.39)

Making these changes in (3.20) leads to the following equation for τ± :

∂τ±
∂s

=
∂

∂x

[
∂

∂x
τ± + τ±

(
dφ′±
∂x

− z
)]

− γ′τ± + γ′τ∓

−β2 ∂

∂z

[
2
∂τ±
∂x

+ τ±

(
dφ′±
dx

− (1 + ε)z

)]

+β4(1 + ε)
∂2τ±
∂z2

.(3.40)

In this limit we only consider the steady-state properties of the system. That is, the
left-hand side of (3.40) is set equal to zero. The boundary and normalization conditions
are then given by

τ±(x+ 1, z) = τ±(x, z),(3.41) ∫ ∞

−∞
dz

∫ 1

0

dx(τ+ + τ−) = 1,(3.42)

and it is assumed that τ± → 0 as |z| → ∞ for all finite x. Since only even powers of
β appear in (3.40), it is reasonable to expand τ± in the power series

τ±(x, z, β) = τ
(0)
± (x, z) + β2τ

(2)
± (x, z) + . . . .(3.43)
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To lowest order in β we have

0 =
∂

∂x

[
∂

∂x
τ

(0)
± + τ

(0)
±

(
dφ′±
∂x

− z
)]

− γ′τ (0)
± + γ′τ (0)

∓ .(3.44)

The above equation has a simple physical interpretation. It is the equation for a
correlation ratchet subjected to a “constant” force z. In general analytic solutions to
this equation cannot be found. However, we can write the solution symbolically as

τ
(0)
± =

f(z)

2

g
(0)
± (x, z)

Z±(z)
,(3.45)

where
g
(0)
± (x,z)

Z±(z) satisfies (3.44) and

Z±(z) =
∫ 1

0

g
(0)
± (x, z)dx.(3.46)

Note that

1

2

∫ 1

0

(
g
(0)
+ (x, z)

Z+(z)
+
g
(0)
− (x, z)

Z−(z)

)
dx = 1(3.47)

and

g
(0)
± (x, z)

Z±(z)
≥ 0(3.48)

for all z, since
g
(0)
± (x,z)

Z±(z) can be interpreted as a probability density. From these two

observations it follows that f(z) satisfies the following two properties:

f(z) ≥ 0,(3.49) ∫ ∞

−∞
f(z)dz = 1.(3.50)

The β2 equation is

∂

∂x

[
∂

∂x
τ

(2)
± + τ

(2)
±

(
dφ′±
∂x

− z
)]

− γ′τ (2)
± + γ′τ (2)

∓

=
∂

∂z

[
2
∂τ

(0)
±
∂x

+ τ
(0)
±

(
dφ′±
dx

− (1 + ε)z

)]
.(3.51)

Integrating both sides of (3.51) with respect to x over the interval (0, 1) and making
use of the periodic boundary condition yields

−γ′
∫ 1

0

(τ
(2)
± − τ (2)

∓ )dx =
∂

∂z

∫ 1

0

τ
(0)
±

(
dφ′±
dx

− (1 + ε)z

)
dx.(3.52)

If the above + and − equations are added together, the left-hand sides of these

equations cancel. This implies that τ
(0)
+ and τ

(0)
− satisfy the relation

0 =
∂

∂z

∫ 1

0

dx

[
τ

(0)
+

(
dφ′+
dx

− (1 + ε)z

)
+ τ

(0)
−

(
dφ′−
dx

− (1 + ε)z

)]
.(3.53)
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Fig. 3.2. A load-velocity plot for the motor. The speed of the motor is plotted in units of
(D2/L). In this figure ε = .1, γ = 10D2/L2 and A = 37.5kBT . The intersection of the load-velocity
curve and the load-line is the average speed of the system in the limit κ → 0.

To simplify the notation, we introduce the following definition:〈
−dφ

′
±

dx
+ z

〉
±
=

∫ 1

0

dx
g
(0)
± (x, z)

Z±(z)

(
−dφ

′
±

dx
+ z

)
.(3.54)

Using this definition in (3.53) and integrating with respect to z produces the result

C = −f(z)
[
1

2

(〈
−dφ

′
+

dx
+ z

〉
+

+

〈
−dφ

′
−

dx
+ z

〉
−

)
+ εz

]
,(3.55)

where use has been made of (3.45) and C is an integration constant. Note that the
first term inside the square brackets on the right-hand side of (3.55) is the average
velocity of a correlation ratchet subjected to a constant load force z. Therefore, this
term increases monotonically with z. In fact the entire quantity within the square
brackets is a monotonically increasing function of z and ranges from −∞ to ∞. That
is, there exists a unique value z0 for which this quantity is zero. Since C is a constant
(and cannot change sign) and f(z) must satisfy properties (3.49) and (3.50), the only
possibility for f(z) is

f(z) = δ(z − z0),(3.56)

where z0 is determined from the equation

1

2

(〈
−dφ

′
+

dx
+ z0

〉
+

+

〈
−dφ

′
−

dx
+ z0

〉
−

)
= −εz0.(3.57)
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Fig. 3.3. Same as Figure 3.2 except γ = 100D2/L2.

If we make the association z0 = − FL
kBT , where F has the units of force, and convert

back to the unscaled variables (3.57) can be written as

D2

kBT
F =

D1

kBT

1

2

(〈
−dφ+

dx
− F

〉
+

+

〈
−dφ−
dx

− F
〉

−

)

= v1(−F ),(3.58)

where v1 is the average velocity of the motor as a function of the an applied load of
force F . Equation (3.58) has a simple physical interpretation. In the soft-spring limit,
the cargo trails far behind the motor. The net effect of the cargo is then to supply
a constant load force on the motor in the opposite direction of the motor’s average
velocity. From Newton’s third law we know that the motor must exert an equal and
opposite force on the cargo, and this force must be sufficient to keep the cargo moving
at the same speed as the motor.

Figures 3.2 and 3.3 give graphical representations of (3.58). Plotted in these figures
are load-velocity curves for the motor. To simplify the graphs, we have actually plotted
the motor’s speed (|v|) as a function of an opposing load force. The data points are the
results of Monte-Carlo simulations (the details of which are given in the next section),
and the solid line represents a linear fit to the data. Also plotted are load-lines for the
cargo. The load force has been measured in units of kBT/L, which means the slope
of the load-lines is 1. The point at which two lines intersects represents the average
velocity of the system in the limit κ→ 0. These results are compared with numerical
simulations of the full problem in the next section.

4. Numerical results. In this section we present a numerical investigation of
the problem. This serves not only to verify the results of the analysis presented above,
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Fig. 4.1. The velocity as a function of log10(κ). The spring constant has units of (kBT/L2). In
this figure ε = .1, γ = .1D2/L2, and A = 37.5kBT . The dashed vertical line represents the average
velocity in the limit κ → ∞.

but also allows us to study the dynamics of system away from the limiting cases thus
far considered. To simulate the dynamics described by (2.4), use was made of the
associated Langevin equations for the motor and cargo:

ẋ1 = − D1

kBT

∂U(x1, x2, t)

∂x1
+ f̃1(t),(4.1)

ẋ2 = − D2

kBT

∂U(x1, x2, t)

∂x2
+ f̃2(t),(4.2)

where f̃1 and f̃2 are Gaussian white noise terms characterized by

〈fi(t)〉 = 0,(4.3)

〈fi(t)fj(s)〉 = 2Diδ(t− s)δij .(4.4)

The numerical scheme used to simulate the equations was the standard Euler
method for stochastic differential equations. Figures 4.1–4.3 are plots of the mean
velocity versus the log of the spring constant κ for various parameter values. In all
three of these figures the numerics were carried out in three different stages. For
κ ≤ 50kBT/L

2, (4.1) and (4.2) were directly simulated with a step size of dt =
5×10−4L2/D2. For larger values of κ the following dimensionless variables were used:

x′1 =

√
κ

kBT
x1, x

′
2 =

√
κ

kBT
x2, t

′ =
κD1

kBT
t.(4.5)

The large κ values were then further divided in to two groups. For values of κ in the
range 50kBT/L

2 ≤ κ ≤ 500kBT/L
2, the dimensionless time step was taken to be .01,
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Fig. 4.2. The velocity as a function of log10(κ). The parameters used to the produce this plot
are the same as in Figure 3.2. The dashed vertical lines represent the average velocity in the limits
κ → 0 and κ → ∞.
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Fig. 4.3. Same as Figure 4.2 except with the parameters used in Figure 3.3.
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and for values of κ greater than 500kBT/L
2, the dimensionless time step used in the

simulations was 5 × 10−3. As a check on the numerics, the points at the boundaries
of the three regions were computed using the two corresponding methods. Each data
point listed represents the average of 25 realizations of the process and the width of
the error bars is four times the standard error due to finite sampling. To compute the
κ → ∞ limiting value shown in these figures, the unscaled version of (4.1) was used
with κ = 0, ε = 0.1, dt = 5 × 10−4L2/D1, and D1 taken to be Deff = D2/(1 + ε).
Similarly the load-velocity plots shown in Figures 3.1 and 3.2 were generated by using
(4.1) with κ equal to zero. However, for this case a constant force term was added to
(4.1), and the value of D1 was that of the motor’s diffusion coefficient.

In section 3 it was shown that in the limit of large motor diffusion coefficient
the mean velocity of the system monotonically decreases as the spring connecting the
motor and cargo is softened. In this limit the cargo moves in an effective potential
given by (3.6). It was also shown that if the further assumption γ << D2/L

2 is made,
then an asymptotic expression for the mean velocity can be constructed. The results
of these considerations are shown in Figure 3.1. It is computationally prohibitive to
to achieve quantitative agreement between the asymptotic result and Monte-Carlo
simulations, since in this limit the average velocity is very small and the variance
of the velocity is large. However, in the limit of large D1 we expect the velocity to
monotonically increase with κ for all values of γ, since the effect of softening the spring
is to wash out the details of φ±. Figure 4.1 shows results from Monte-Carlo simulations
with ε = D2/D1 = .1, γ = .1D2/L

2, and A = 37.5kBT . The dashed horizontal line
represents the numerically calculated average velocity in the stiff-spring limit. That
is, the 1-D case with Deff = D2/(1+ ε). The results are qualitatively similar to those
shown in Figure 3.1 with the velocity decreasing as the spring is softened. However,
there is an indication that the curve passes through a maximum as κ is varied. This
appearance of an extremum is not inconsistent with the large D1 result, since in the
simulations a finite value of D1 was used.

To further investigate the existence of an optimal value of κ, simulations were
carried out with γ equal to 10D2/L

2 and 100D2/L
2. The results are shown in Figures

4.2 and 4.3. In these figures the dashed horizontal lines on the right-hand side again
represent the stiff-spring limit found from numerical simulations of the corresponding
1-D case. The dashed horizontal lines on the left-hand side represent the soft-spring
limit; i.e., the point of intersection of the load-velocity curve and the load-lines plotted
in Figures 3.1 and 3.2. The good agreement between the numerics and the limiting
cases provides an additional check of the numerics. The γ = 10D2/L

2 case clearly
shows an extremum. The mean speed is fastest when κ is around 50kBT/L

2. For
γ = 100D2/L

2 the existence of an optimal κ is not so clear. However, it is interesting
to note that in this case the mean speed in the soft-spring limit is faster than in the
stiff-spring limit. In general a finite value of κ exists for which the system travels
fastest, and whether the speed is faster in the stiff- or soft-spring limit depends on
the values of D1 and γ.

5. Conclusions. The correlation ratchet has been suggested as an operating
principle for various biomolecular motors [4, 6, 7]. In particular Elston and Oster have
shown that a model for the BFM based on this principle is capable of reproducing
the observed mechanical properties of the motor. They also showed numerically that
as the linkage connecting the motor and cargo was softened, the average velocity
decreased. This behavior is exactly opposite to the behavior displayed by the Brownian
ratchet [3], in which the average velocity increases as the linkage is softened. The key
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difference between the correlation ratchet and the Brownian ratchet is that for the
correlation ratchet at any instant of time, the spatial average of the forces arising
from the motor-track interaction is zero, whereas the Brownian ratchet experiences a
drop in potential energy each time a ratchet barrier is crossed. In the limit of large
motor diffusion coefficient, the relevant limit for the BFM, as the linkage connecting
the motor and cargo is softened the small scale details of the motor-track potential
are washed out. The important feature of the potential is its average slope. Since the
slope is zero in both configurations of the correlation ratchet, the cargo effectively
undergoes pure diffusion. Thus, the average velocity goes to zero.

For the Brownian ratchet it was found that in general the mean velocity of the
motor-cargo system decreased monotonically as the linkage was stiffened [3]. The
correlation ratchet involves an additional time scale, namely, the average switching
rate. Therefore, we expect the dynamics of this system to be more complex. Indeed,
for finite values of D1 the mean speed goes through a maximum as the spring constant
is varied. And the relationship between the average velocity in the soft and stiff spring
limits is determined by the values of D1 and γ.

The correlation ratchet and Brownian ratchet are not mutually exclusive operat-
ing principles, and it is conceivable that actual biomolecular motors use a combination
of these mechanisms (or neither). However, since biomolecular motors tend to func-
tion in the regime where the fastest time scale is set by the diffusion coefficient of
the motor, the two models make opposite predictions. If the driving mechanism were
indeed based on a correlation ratchet, then one would expect to find the protein link-
age connecting the motor and cargo to be stiff. Indeed, given the other parameters of
a correlation ratchet, one can calculate the optimal stiffness of the linkage, and this
can be compared to the actual stiffness as measured in a laser trap [9]. On the other
hand, if a biomolecular motor operates primarily by a Brownian ratchet mechanism,
one would expect to find a soft linkage between the motor and its cargo.
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